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Thermodynamic Properties
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University of California, San Diego. La Jolla, California 92093.

(Received September 15, 1985)

The bonding force between a polymer of n molecules in liquid A, (A),, is subject to an internal
tension, 7,,, attributable to the polymers of all sizes in liquid A. This tension exceeds the internal
tension between pure polymer (A)2, 1%, and this enhanced tension, ©,, = t,, — 1%,, changes all
partial molar quantities of (A)}, within liquid A with respect to the molar quantities of pure
(A)Y, including the chemical potential of polymer (A), (such that ph (T, p', x4,) is equal to
U (T, p' — ma,)). When the vapor of A is in equilibrium with liquid A, the vapor of (A), must
also be in equilibrium with liquid (A), for every n from 1 to N. Even when the mole fraction of
polymer (A)}, is altered by changing the pressure applied to liquid A, its mole fraction must equal
the mole fraction of (A), in the vapor phase with which it is in equilibrium, i.e., x}, = x4, for any
T or p'. Since water vapor is monomeric, liquid water must also be monomeric.

INTRODUCTION

A liquid A consists of molecules of only one kind. Nevertheless, these
molecules may cluster into polymers of varying size. Such a liquid becomes a
solution of polymers. Only if the polymers are all of the same number of
molecules of A is liquid A a pure liquid and no longer a solution. In this
article, we will treat liquid A as a solution of polymers wherein a polymer of a
given number of molecules will be considered to be a separate species in the
solution. Each species of polymer is a solute, and all other species are the
solvent for it. The treatment to follow will be based on the Hulett
paradigm®-?># in order to describe the thermodynamic properties of each
solute in liquid A. We shall find that a modified Hulett Gedanken Experi-
ment requires that the mole fraction of any polymer in liquid A be equal to its
mole fraction in the vapor phase for any pressure and temperature applied to
liquid A.
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Suppose that the liquid consists of n)y, moles of monomers of chemical
formula (A)}, nl, moles of dimers of chemical formula (A),, etc. up to and
including nl moles of chemical formula (A)y. Polymer (A), will react with
and attain an equilibrium with other polymers in liquid A according to the
generalized reaction,

(A=A + (A,

where n is an integer such that | < n < N and where m is an integer such that
0 < m < n. The number of equilibria and equilibrium constants is the sum of
the factors of n fromn =1ton = N.

Polymers may form and co-exist as separate species in liquid A. The
equilibrium concentration of liquid polymer (A), [(A)!], is attained when the
rate it is formed equals the rate it is changed by collisions with monomers and
other polymers of the system. The coupling force between molecules of liquid
A may be one or more of several kinds such as the hydrogen bond or other
polar bonds, the ionic bond or such other bonding forces as the London force
or induction force. Polymerization implies that the coupling force between
molecules within polymer (A) is greater than that between polymers of (A):.
The stronger the bond (the greater the bond energy) between the molecules in
polymer (A)!, the less frequently the bond is broken at T and the more
abundant (A)}, will be in liquid A.

All molecules of polymer (A), move together as a cluster and the center of
mass of each (A)}, moves randomly with respect to the centers of mass of other
(A), as well as all other polymers. Even though each (A),, may be transient,
the molar amount of polymer (A). remains constant at nly , at constant T and
p’. The thermal energy of liquid A is partitioned equally between all its
polymers regardless of their size from j = 1 to j = N. These considerations
affect the internal tension between each polymer and thereby affect the
thermodynamic properties of the polymer.

Chemical potentials of pure liquid A and its vapor

An important property of pure solvent is its Gibbs molar free energy, its
molar Gibbs function. This chemical potential of pure liquid solvent is a
function of temperature and the pressure applied to it and is symbolized as
w(T, pY). Likewise, the chemical potential of pure solvent vapor is a function
of T and the pressure applied to it and is symbolized as p3(T, p¥). The
chemical potentials of the pure liquid and pure vapor can be changed by
changing the temperature and pressure applied to each according to

dule = —§%dT + Pl dpt (1)
dute = — S0 dT + P2 dp, )
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where ST, p') and VT, p") are the molar entropy and molar volume,
respectively, of pure liquid A and both are functions of T and applied
pressure p'. Likewise, ST, p*) and V5T, p°) are the molar entropy and
molar volume, respectively, of pure vapor A and both are functions of T and
applied pressure p*.

If, as illustrated in Figure 1A and B, the pressure applied to pure liquid A is
slowly decreased from p' to p' — Ap' and if the vapor of pure A remains in
equilibrium with the liquid of pure A, then the chemical potentials of pure
liquid and pure vapor must remain equal, i.e.

w(T, p' —Aph uy(T, pro(pt —Aph)
duy = f du. 3)

wlo(T, ph) u0(T, pud(T, ph))

If the temperature remained constant at T as the pressure applied to the
liquid decreased, then according to Egs (1) and (2)

pi-Apt py(T, p'=ApY)
rrar] - 57 rgar

p’ poO(T, ph)

- 4
T T

This is an exact statement whatever the thermal coeflicient of expansion or
the compressibility of pure liquid A and whatever the law relating vapor
pressure to the molar volume of the vapor or to 7. Clearly, p2X(T, p* — Ap")
must be less than p3(T, p') depending on the magnitude of — Ap' and always
exactly according to Eq. (4). This statement is exact when all molecules of A
are of one kind only, pure liquid A.

A B
" pT, pf) pelT . op)
7,

‘-{f‘('f,‘ Q\"’) Aq,( ) p;’A%"‘)

VAT ap ) -
Pune —
bigwid A° ___
! I | | |

p/

FIGURE 1 lllustrating changes in vapor pressure, molar volume of vapor and molar volume
of liquid when pressure applied to pure liquid A% decreases from p' to p' — Aph.
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Distribution of pure A between energy states
and between its liquid and vapor phases

When pure liquid A is in equilibrium with its vapor, the changes in chemical
potentials of the liquid and the vapor remain equal as the pressure applied to
the liquid changes. In addition, the chemical potentials of liquid A and vapor
A are equal at the limits of integration, Eq. (3). Although their molar internal
energies, U and U, differ greatly, nevertheless their molar free energics are
equal. Thus, at the same T and applied pressure, u(T, pAT) = ui(T, p2(T))
where, for example, the pressure applied to liquid A is the pressure of vapor A
with which it is in equilibrium, i.e., in Figure 1A, pl = pi%(T, p2).

The distribution of molecules A between the liquid and the vapor phases in
equilibrium is determined by the Boltzmann distribution law, a fundamental
law of classical statistical mechanics. If n, moles of molecules A in a unit
volume are in an energy state 2 with molar energy U, and il they are in
equilibrium with n; moles of molecules A per unit volume in an energy state 1
with molar energy U, at the same T, then the molecules of A are distributed
between the two energy states according to the law

ny/n, =exp — (IA{[]{> Q)

where AU = U, — U, and where R = kL, Boltzmann’s constant times Ava-
gadro’s constant. The unit volume in each state is a unit of volume available
to the centers of the nL molecules of A in each energy state.

The energy of a mole of molecules of A can be increased by adding an
amount of heat Q and by performing an amount of work on the molecules
oW, ie. AU, = 5Q + SW. If the work is only pressure volume work and if it is
performed at constant pressure then dW|, = —pAV¥, since the volume
decreases as work is done on the system. If heat is added to a mole of A at
constant p then 6Q|, = AH,|, where AH,|, is the change in the molar
enthalpy of the molecules at constant pressure. Enthalpy of a mole of
molecules A is defined as H, = U, + pV, so that a change in the molar
enthalpy at constant p is AH,|, = AU, + pAV, and the change in the molar
energy of molecules A is AU, = AH ,| » — PAV, when the volume increases or
AU, = AH,|, + pAV, when the volume decreases. Boltzmann’s law may
now be applied to obtain the distribution of molecules A between the liquid
and vapor phases at T and p3(T). The energy of a mole of vapor Uy ex-
ceeds the energy of a mole of liquid U% by an amount U — U% =
[A(T, pA(T)) — BT, pi(T)] — p(DIVI(T, p(T)) — V(T pi()].
Thus, Eq. (5) becomes

(5a)

niy/ng = exp —

AH° — pR(T) AVR®
RT
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where AHY° is the enthalpy of evaporating a mole of pure liquid A at T and
p(T) and AVYe is the increase in volume of that mole of liquid when it
evaporates at T and piX(T). Equation (5a) describes the moles of vapor A
whose molecular centers move in a unit volume relative to the moles of liquid
A whose molecular centers also move in a unit volume. If the volume that one
vapor molecule’s center occupies is vi then ni’Lv} equals a unit volume.
Likewise, if v} is the volume that one liquid molecule’s center occupies, then
n?Lv', equals a unit volume and n/n = vi/v4.

Although the molar energies of the two phases differ, the Gibbs molar free
energies of the two phases in equilibrium are equal. Gibbs defined the molar
free energy of each phase of A as GY = A — TS for the vapor phase and
G'? = H% — TS% for the liquid phase. Thus, AGY® = G — G¥ = AHZ°® —
TAS:°. The molar entropy of vaporization is related to the molar enthalpy of
vaporization at constant pressure. From the Second Law of Thermodynam-
ics, adding an amount of heat at constant pressure increases the entropy an
amount AS|, = 6Q|p/T. As stated earlier, Q|, = AH |, when heat is added
at constant pressure. Thus, ASY°|, = AHY/T and AGY = 0, i.e., the chemi-
cal potentials of the liquid and vapor phases are equal in equilibrium.

Pure liquid A in a Hulett column

In a modified Hulett Gedanken Experiment, pure liquid A is supported at its
free surface by a matrix at 24 + Ah¥ in the left cylinder, Figure 2A. Liquid A
is also contained in a cylinder on the right. The pressure applied to the upper
surface of liquid A in the left cylinder is pi°(2h + AhY), while in the right
cylinder the applied pressure is p{°(h). The pressure applied by both pistons is
pi(h) + (b pi%(z) dz, where the latter term is the weight of a column of
liquid A from o to h applied to a unit area of piston surface. Note an
opening between the two cylinders which insures that the hydrostatic
pressure in liquid A at h in both cylinders is pi2(h). The hydrostatic pressure
at the upper surface of liquid A at 2h + AhY in the left cylinder is
P(2h + Ah) — [**2%2 plo(z) dz. The magnitude of ARY is determined, in
part, by the compressibility of liquid A, i.e., liquid A is increasingly distended
by increasing tension from h to 2k + Ak such that the total distension is
AKY. Similarly, liquid A is increasingly compressed from k to o. Due also
to its compressibility, the density of liquid A is a function of z such that
P2k + ARY) < ple(h) < p'(0). The compressibility also varies with pressure
so that it varies with z and p'd(2h + AhY) — p'2(h) is not exactly equal to
pR(h) — pi(0).

Since the molecules of liquid A and vapor A are in a gravity field in Figure
2A, the vertical distribution of the molecules of each will be in accord with the
Boltzmann distribution law, Eq. (5). The number of molecules at z + dzin a
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volume of unit cross section and thickness dz, NS(z + dz), is less than the
number at z, N{(z), by

(5b)

NO(z + dz)/N8(z) = exp — (mAg dz>,

kT
where m, is the mass of a molecule of A and m,g dz is the gravitational

energy the molecule gains from z to z + dz. m,g dzin Eq. (5b) equals AU/L in
Eq. (5). In Figure 2A, the number of vapor molecules at z > h is

"J,AM)

T (5¢)

N(2)/N(h) = exp — <

Likewise, liquid molecules gain the same gravitational energy m,g dz per
molecule so that the number of liquid molecules at 1 >z > o is

NY(z)/NY(0) = exp — ('"Agz> (54)
kT

in both the left and right cylinders of Figure 2A. The number of liquid

molecules at (2h + ARY) > z > h is

NR(@)/NE(h) = exp (

mag(z — h)) (50)

kT

in the left cylinder. In Eq. (5¢), the ratio of the number of vapor molecules
may be replaced by the ratio of the moles of vapor. Likewise, in Eqs (5d) and
{(5e), the ratio of the moles of liquid may replace the ratio of the molecules of
liquid. m,/k in Eqs (5¢), (5d) and (5¢) may also be replaced by MW, /R, since
MW, = Lm, and R = Lk, where MW, is the molecular weight of A.
According to Eq. (5a), the molar ratio of vapor to liquid at h will be

AHZ (h) — px(T, h) AVZ°(h)
RT ’

no(h)/n'o(h) = exp — ( (5/)

where AH""(h) is the enthalpy of evaporating a mole of liquid A at T and
pi(h) and where AV4° is the increase in volume of that mole of liquid when it
evaporates at T and p'o(h). Likewise, at 2k + Ah the molar ratio of vapor to
liquid at the surface of liquid A in the left cylinder will be

n(2h + AR)/nR(2h + AHY)
AH(2h + ARy — pvo(2h + Ahle AI_/”"’(Q,h + Ahlo)
=exp—< A A) PA(RT AAVY A) (59)

where the molar enthalpy increase and molar volume increase pertain to
evaporation under the conditions at 2k + AhY, i.e., where liquid A is under
tension and where the pressure-volume work is against a reduced pressure.
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In summary, for pure A in Figure 2A: 1) the distribution of its molecules in
a gravity field may be described by a fundamental law of classical statistical
mechanics, Eq. (5¢) for the vapor phase and Eqs (5d) and (Se) for the liquid
phase; 2) the distribution of its molecules between the liquid and vapor
phases is based on the same law and may be described by Eq. (5f) at h and by
Eq. (5g) at 2h + AKY; 3) in accordance with a rigorous thermodynamic
statement, Eq. (4), at constant T,

p“;P(Zh+Ahf{l)—Jf.h+A"'°p£g(z)dz_l : P{O(2h+ARY)
Vidpt = Pro dp. (4a)

Pyt pLoh)

These fundamental statistical mechanical and chemical thermodynamic
statements are equally rigorous and completely compatible. They interrelate
with each other in the equations of state for the liquid and for the vapor of
pure A, i.e,, in the relationship between V)2 and p' and T applied to liquid A
and between VY and p® and T applied to vapor A. The moles of vapor per
unit volume at any z equals 1/V%(z) and depends on N%(z), Eq. (5¢), or on
n3(z) which equals N(z)/L. The relationship between pi%(z) and V5%(z) and
T is the gas law (equation of state) for vapor A. Similarly, the moles of liquid
per unit volume at any z equals 1/7'2(z) and depends on N¥(z), Eq. (5d), or on
n’(z) . The relationship between p(z) and V'%(z) and T is the equation of
state for liquid A.

We should note, again, that the density of molecules of A in both the liquid
and vapor phases diminish exponentially in a gravity field, depending on the
mass of the molecule and on the height above the reference. In both phases,
this is due to the increased gravitational energy of the molecules at the greater
height. In the vapor phase, the distribution relates to the Brownian motion
and the pressure-volume work by the molecules. Whereas in the liquid phase,
the distribution and increased gravitational energy with z relates to pressure-
volume work performed by the cohesive force between the molecules. In both
phases in Figure 2A, for z > h, the increase in energy per molecule is exactly
the same; namely, m, g(z — h). In the liquid column on the left, the pressure is
the weight of the column per unit area, g [;~* p'(2) dz, and the volume
change per unit area is AhY at z = 2h + ARY. It is clear, in this example, that
the increased tension (negative pressure) in liquid A distends the liquid A so
that an amount of negative work is performed on liquid A which exactly
equals the increase in the gravitational energy of each molecule of liquid A at
z. This exact correspondence of energies ensures the distribution of molecules
in liquid A at z will match the distribution of molecules in vapor A and
ensures that the vapor pressure of liquid A at z exactly equals the vapor
pressure of vapor A at z. In general, any tension applied to pure liquid A
lowers its vapor pressure in accord with the negative pressure-volume work
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performed on the liquid and in accord with the fundamental laws reviewed
here, Eqs (4), (5¢) and (5e). Similarly, any positive pressure applied to liquid
A varies its vapor pressure in accord with the pressure-volume work
performed on the liquid and in accord with the same laws.

Chemical potentials of liquid and vapor of pure polymer (A)?,

The thermodynamic and statistical mechanic statements of the preceding
sections also apply when liquid and vapor of A are pure polymer (A)?. Thus,
if the pressure applied to pure liquid polymer (A)¥ decreased siowly from p to
p' — Ap'at constant T, Figure 3A and 3B, then the chemical potential of (A)
decreased an amount

pl—Apl
—Apg, = w(T, p' — Ap) — u(T. P = J Vi, dpt

pl

(6

T

Likewise, the chemical potential of pure vapor polymer (A)i° decreased an
amount

—Ap, = o (T, pos(T, pt— ApY) — 1S (T, pas(T, p')

PLS(T.p'—~Aph)
= Vi dpia

pYo (T, ph)

(N

T

as the vapor pressure in equilibrium with pure liquid (A)® decreased from
Pan(T, p') to pii(T, p' — Ap).

Since —Apl, must equal —Apu%,, it follows from Eqs (6) and (7) that at
constant T
p'—Apt pYO(T, pl=Aph)
f Vi.dp' = J Vi&h dpia. ®
r Poo.(T, pY)

Equation (8) is valid because the molar free energy of pure polymer (A)?
decreased the same amount in both the liquid and vapor phases as the
pressure applied to pure liquid (A)'° decreased slowly from p' to p' — Ap' at
constant T.

Chemical potential and vapor pressure of polymer (A), in liquid A

When liquid A is a mixture of polymers, we may treat it thermodynamically
as a solution. The chemical potential, other partial molar quantities and the
colligative properties of each polymer (A), may be considered in relation to
these quantities and properties of pure polymer (A)°. The chemical potential
and the other properties of polymer (A), in a mixture of polymers in liquid A
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A B

vapos An®
T, p%) If;(TP/-AP/ )
VAT pY) Van TP 2p?)

Y

p

FIGURE 3(A,B) Illustrating changes in vapor pressure, molar volume of vapor and molar
volume of liquid when pressure applied to pure liquid polymer (A)?® decreases from p' to
p'— Ap'. (CD) Changes in partial vapor pressure, partial molar volume of polymer vapor
(A): and partial molar volume of polymer liquid (A}, in liquid A’ (a solution of polymers of A)
when pressure applied to the solution increases from p to p* + Ap’. pi(T, p'y = ¥, pi (T, p') and
PalT, p' + Aph =3 pi (T, p' + Ap').
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can be stated with respect to pure liquid polymer (A), even when, at T and
applied pressure p', pure polymer (A)Y cannot be realized.

When liquid A is a mixture of polymers from j = 1 to N, the mole fraction
of polymer (A), is xi, = nj,/Y; nk;. Since Y ; x4 ; = 1, where j may be every
integer from 1 to N, there will be N — 1 independent x4;. The chemical
potential of polymer (A), in liquid A is, by definition, the partial molar Gibbs

function of liquid A,
oG
o= (50 , ©
anA“ T’Pl’"fm’¢An

where G, is the Gibbs function of liquid A. G, is an extensive property of
liquid A and is a function of the intensive quantities T and p' as well as a
function of the extensive quantities n} ;, i.e., G} is G4(T, p', n}). An infinitesimal
change of state of liquid A can be expressed by dG4 due to an infinitesimal
change in T or in p’ or in the moles of any or all polymers in liquid A. A
fundamental thermodynamic equation for the change dG, is®

dGY = —SLdT + Vi dp' + ¥k, dnk;, (10)
i

where S}, is the entropy and V', is the volume of liquid A.

The third term on the right side of Eq. (10) states that the Gibbs function of
A'will increase, at constant T and p', when there is an infinitesimal increase in
the amount of any polymer (A)} so that

. oG, .
(dGA)T,pl = Z 6—1— dnAjs (11
i aj L NP
where the increase in the moles of polymer (A)] is made without changing the
amount of any other polymer (A).. Equation (11) may also be written®

dG = 5_Gf§ dx! 11
( A)T,pl = Z I XAje (1a)
j anAJ' LR INPON'

where dGY, is the total infinitesimal change in the molar Gibbs function due to
infinitesimal changes in the mole fractions of all polymers (A)g at constant T,
p' and all other n; . ;. For all n; constant, dG} in Eq. (10) may be written

(4G)y,, = — 54T + V' dph
so that Eq. (10) becomes
dGl = -8, dT + Vi dp' + Y ph; dxy;. (10a)
j

The chemical potential of polymer (A), 14, the molar Gibbs function of
liquid A, G, the molar entropy S and the molar volume ¥V, of liquid A, are
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functions of the intensive variables 7T, p' and x};. According to the rule of
partial differentiation, the total differential of u, is

a'ul aﬂl aul X
dul, = (=22 dT + | -£As dp' + (AJ dxl,. (12
a < oT >P’,xfo.j apl T,xk; P ; axAj T, P naizAj . (12

In Eq. (12),

1 2
Oban _ OAGa (13)
oT oT an'y,
and
e 0°GY
_ 1
ot op'onk, @

according to Eq. (9). The partial derivatives of G} with respect to T and with
respect to p' are, from Eq. (10), 6G /6T = — S, and 3G./op' = V,, respecti-
vely. Thus, Eq. (13) becomes

Otan as. -
An
and Eq. (14) becomes
oul ovh
Pan _ 974 _ (14a)

opt  omy, M

Evaluation of the last term in Eq. (12) is subject to two constraints: 1) as xij
changes, ie., as ny; changes, all n};,,; must remain constant; and 2) the
partial change in 4, , with respect to changing x}; is subject to the condition
that all n};, except njy,,, must remain constant, according to Eq. (9). So the last
term in Eq. (12) is only 0u,/0x 1. dx!,,. Using Eqgs (13a) and (14a),
Eq. (12) becomes

2
sRPA3# An

< - Ot
d.ulnz _(Sln) x dT+(Vl n) x4 dpl—i'_<m——l;l d'xln‘
A Anlpl, <l An/T, xky 5xfxn T pnis o a A (15)
Slowly increasing the pressure applied to liquid A from p', Figure 3C, to
p' + Ap', Figure 3D, at constant T, increases the chemical potential of
polymer (A), an amount

phol T, pt+ AP Xk 1) pi+Apl
I dphn = f Vs dp', (16)

Han(T, Pl xlhn) !

when the composition of liquid A remains constant. However, even when
there is no exchange between liquid A and its surrounding, the moles of (A),
may vary and its mole fraction, x', , may vary. For example, when a polymer
is formed from its constituents, if there is a change of volume, then the ratio of
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moles of that polymer to the sum of moles of all polymers will be altered by
changing the pressure applied to liquid A. As we shall discuss in the next
section, distribution of polymers in a gravity field will also alter their mole
fractions.

If x\  is altered to xk, as the pressure applied to liquid A is changed from p'
to p' + Ap' at constant T, then the chemical potential of liquid (A), would
increase an amount

Ay, = U o(T, P+ AP, X5 — pho(T, P, xh,)

p'+apt BanlT, Pt xi0) 5t
- J 7iodptl o+ f Han gt a7
T, %an

p! o (T, pl x4 ) axAn

As illustrated in Figure 3C and D, the vapor pressure of each polymer in
the vapor phase, p%,, remains in equilibrium with its liquid polymer (A), as
the pressure applied to the latter increased from p’ to p' + Ap’, that is, as
Pan(T, P in Figure 3C increased to p4i (T p' + Ap") in Figure 3D. The
chemical potential of polymer (A)? in the vapor phase, us (T, P4, X4,), is also
a function of T, total vapor pressure and the mole fraction of polymer (A) in
the vapor in equilibrium with liquid A. Both p¥(T, p") and the moles of (A),
n4 (T, p"), are functions of T and pressure applied to liquid A, p. The
chemical potential of the vapor of polymer (A), changes according to
Otan

dx} 18
axZn XAn ( )

where S§%, and VY, are the partial molar entropy and volume of (A)Y
respectively, and both are functions of T, p} and x4%,. Of course, nj, will
increase as the equilibrium vapor pressure increases from pi(T,p") to
pa(T, p' + Ap") at constant T. However, according to Eq. (18) at constant T

Apl, = tao(T, pA(T, o' + ApY), x5, — (T, pa(T, P, xia)

P4(T, p'+Ap!) HAR(T, AT, P, x4, a”A
g n
= Vin dpa + 3 dxi,. (19)
pa(T, pY) T, x4n

PAn(T, pal(T, M, xUn)

Since equilibrium was maintained in the vapor and liquid phases of A as the
pressure applied to the liquid increased from p’ to p' + Ap, in Figure 3C and
D, then Ayl must equal Ayy, under all circumstances. Under the condition
that T remained constant, it follows from Eqgs (17) and (19) that

pl + Apl _
f P dp' + dho(T, p ) — ho(Th 2 )

pt

PA(T,p'+Aph) ) .
= J Vi dpa + (T, pa(T, PY), Xan) — tan(T, pa(T, P, x4,)-

pa(T, ph)

(20)
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If x4, is not affected by pressure applied to liquid A and if x4, is constant then
Eq. (20) becomes
pl + Ap{ _
f Vin dp’
pl

PA(T, pt+Ap!, x4,)

= j Vin dpi. (20a)

PA(T, Pl x4 ,,)

T xi
T,xh,

Liquid A in Hulett's column

Consider a closed system in a gravity field at constant T consisting of liquid A
and vapor A composed of polymers (A); from j = 1 to N, Figure 2B. Liquid A
in Figure 2A is pure A, either pure monomer (A)} or a pure polymer (A),
whereas liquid A and vapor A in Figure 2B are solutions of polymers. The
mass of polymer (A); equals j times the mass of monomer (A), in both the
liquid and vapor phases. As illustrated in Figure 2B, the distribution of each
(A); in the gravity field in both phases is governed, in part, by the same
Boltzmann distribution law as in a pure monomer or pure polymer, namely,

_ Masg(z — h)

Na(/N3 () = exp — "M (sh)
for z > h and
Mpy:.gz
N2V} 0) = exp — A1 (50)

for h >z > o0 in the right cylinder and for 2h + Ak, > z > 0 in the left
cylinder. Furthermore, the distribution between the liquid and vapor phases
of each polymer is governed by Boltzmann’s law, namely,

AHZ(h) — piath) AV (h)

aW/N4(h) = exp — - )
at z = h; and at z = 2h + AR,
Aj2h + ARL)/N(2h + Aky)
—exp - ARY(2h + ARL) — pAQ2h + ARY) AVE(2h + AR, .

RT

where the molar enthalpies for evaporation and the increase in molar
volumes during evaporation pertain to their respective values at h and at
2h + AHL.

The number of every vapor polymer is less at z > h than at h so that
Zj Ny < Zj Nij(h) and pi(z) = Z,‘ Paj(z) < Zj Paj(h) = pa(h). More-
over, the number of a massive polymer decreases more with z than does the
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number of a light polymer. The mole fraction of any polymer (A): at any
z>his

¢ - VAl
D) =5 @

Likewise, the number of every liquid polymer is less at z > o than at o so that
Y Nii(z) < Y Ni;(0). The mole fraction of polymer (A);, is

Nian(2)
Zj N kj(z) ’
Thus, the mole fraction of a large polymer is reduced at z > h and is least at
2h + AK. The mole fraction of the monomer or a small polymer is increased
at z > h and is least at h.

On the other hand, chemical equilibria are tending to maintain the mole
fraction of every polymer independent of z. At every z polymer (A)! is in
equilibrium with its reaction products,

AR=(A)_, + (A,

(22)

Xan(2) =

The energy states of the reactant and the products differ so that the
distribution between reactant and products is given by the Boltzmann
distribution. In the liquid phase, this is at constant T

Nkn(T’ Pfx’ Z) —_ exp _ AH%&(n,n—m+m) - pi\Ar/.[A(n,n—m-%—m)
Nf\(n—m)(’T’ p.lf\az)fom(’Ta plAaz) RT

(5D
where A} is the change of molar enthalpy and AV !, is the molar volume
increase for the reaction. Equation (51) is also the equilibrium constant for the
reaction, since

kl ,,i(,Aﬁ_;

" AL WIA)]

Similarly, in the vapor phase at every z, polymer (A)? is in equilibrium with its
reaction products (A)2_., and (A),, and the distribution between these
polymers is at constant T

Zn(ﬁ pUA’ Z) = CXp _ AIyuA(n,n—m+m) - pZAI—/X(n,n—m+m)
NUA(n—m)(T’ pUA’Z)N'./)\m(T; p’fA’Z) RT

(5m)

where AHY, is the change of molar enthalpy and AV ¥ is the molar volume
increase for the reaction. Equation (5m) is also the equilibrium constant for
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the reaction in the vapor phase, kj},. The enthalpy change for the reaction is
the same in the liquid and vapor phases. The change of pressure-volume work
for the reaction is the same in both phases so that p4 AV, = piAV%. Thus, the
right sides of Eqs (5]) and (5m) are the same so that the distribution of
polymer (A), with respect to (A),_,, and (A),, is the same in both phases at
every z > h. Moreover, at every z the law of mass action and the equilibrium
between (A), and (A), _, and (A),, will tend to maintain the mole fraction of
each polymer independent of z, whereas gravity tends to make each mole
fraction dependent upon z. In any case, the mole fractions are the same in the
liquid and vapor phases at every z > h.

Every polymer (A); in Figure 2B from h to 2k + Akl increases in
gravitational energy in both the vapor and liquid phases an amount
jm,, g(h + AKY). Ak, is the distension of liquid A and of polymer (A)} due to
the increase in weight of a unit column of liquid A from h to 2h + Ak},
namely [2#+4%a pl(z) dz. The product of this distension and this tension is
pressure-volume work performed by each polymer (A), in liquid A, and this
work is exactly equal to jm, g(h + Ah}). Whatever the combined effects of
the chemical equilibria between polymers and the gravitational field on the
distributions of polymers in liquid A and vapor A, their distributions are
identical at any z>h. Thus, xj(h)=x};(h) and x3,(2h + Ah}) =
x4 i(2h + Ah}). This ensures that the vapor pressures of liquid A equals the
vapor pressures of vapor A at any z and z = 2h + Ah}, for every (A);.

If pure liquid A and pure vapor A in Figure 2A were pure (A) and (A)°,
respectively, then for every (A); in Figures 2A and 2B, the increase in its
gravitational energy is the same in both liquid and vapor phases. This
increase in gravitational energy at the surfaces of the columns on the left in
both figures equals the pressure-volume work performed by polymer (A)} at
these surfaces. In these thought experiments of Figures 2A and 2B, several
features of the liquid and vapor are interrelated: 1) the distributions of (A);
with z in a gravity field; 2) the chemical equilibria between the polymers; 3)
the increasing tension and distension of liquid A; and 4) the increasing
pressure-volume work by each (A)ﬁ. There is not one effect without the other.
There may be still another effect if AV, ,—m+m in Egq. (5)) and
AV 0, 0—m+m) 0 EQ. (5m) are not zero. In this case, the equilibrium constant
for any polymer will affect its mole fraction x4 (z) and the mole fractions of
its reaction products. Pressure may also affect the partial molar enthalpy
ARY,; and the partial molar volume expansion AVY; in Eqgs (5f) and (5k) so
that the distribution of (A)} between the liquid and vapor phases may differ at
h and 2h + AR, for liquid A in Figure 2B and differ at h and 2h + AKY for
pure liquid (A)} in Figure 2A. Nevertheless, in all cases, xffj(h) = x3(h) and
x22h + AKQ) = x34(2h + AKY) in Figure 2A and x4;(h) = x4;(h) and
Xaf(2h + Ah}) = x%;(2h + Ahl) in Figure 2B.
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Osmotic pressure of polymer (A)ﬁ, in liquid A
and its partial molar quantities

The chemical potential of (A), in liquid A is less than the chemical potential
of pure liquid (A)¥ at the same T and p'. However, if the pressure applied to
pure liquid (A)l is lowered to p' — =m,,, then its chemical potential at T
becomes equal to the chemical potential of (A), in liquid A at T and p', ie.,

ulAn(’T’ pl7 x.lAn) = “k’n(n pl - TcAn)' (23)

Likewise, the chemical potential of (A), can be increased by increasing the

pressure applied to liquid A from p' to p' + 7,; so again the chemical
potentials of (A), and {(A) are equal, ie.,

pan(T, P + Tan, Xio) = 8o(T, ). (24)

If Ap' = 7}y, in Eq. (17) and Ap' = n,, in Eq. (6) and if Eqs (6) and (17) are

summed, then with Egs (23) and (24), the left side is zero so that at constant T

Pl _
f Vian dp'

pl

+ [ukn(T’ pl’ x.in) - .“fxn(T’ pl$ xi\n)]nj;ﬁnn
T,n‘i

pl
= f V. dp'

P'—mAn

T (25)
Subtracting Eq. (23) from Eq. (24),
Ban T, P + Tans Xhn) — Haal T ', Xho) = 6ho(T p) — BT, 0 — 7a). - (26)

Equations (25) and (26) state that increasing the pressure applied to the
solution from p' to p' + 7, is exactly the same as increasing the pressure
applied to pure liquid (A)? from p' — =,, to p' at constant T. 7, is the
osmotic pressure of species (A), in solution A at Tand p' + ,, when its mole
fraction is xk,, whereas =, is the osmotic pressure of species (A)!, in solution
A at T, p', x\,. If the mole fraction of (A)! is not altered by pressure, then
Tan = Ta, and the second term on the left side of Eq. (25) is zero.

The osmotic pressure of polymer (A),, in liquid A is depicted by the height
(W — h) in the Hulett column, Figure 4. The semi-permeable membranes
separating both the liquid and the vapor phases of A from pure (A)? are
permeable to polymer (A), and to no other polymer (A);,, in A. Clearly,
Figure 4 is a metastable representation of the thermodynamic equilibrium
between polymer (A), in liquid A and pure polymer (A)2. Even if pure (A)®
could be produced and placed in the two cylinders on the right, it would not
remain as such for long since it would soon react to form other polymers and
become like liquid A in the left cylinder. Nevertheless, it is instructive to
consider the thermodynamic, osmotic and vapor pressure equilibria between
(A), in liquid A and pure (A)®.
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FIGURE 4 Pure liquid {A)? in a Hulett column in equilibrium with its vapor (A)%° and with
liquid polymer (A), in liquid A. Liquid A and vapor A are solutions of polymers and are
separated from pure liquid (A) and pure vapor (A)% by rigid membranes permeable only to
polymer (A),. The osmotic pressure of polymer (A), in liquid A is the difference in pressures
applied to liquid A in the left column and to pure liquid (A)¥ in the middle column as the liquids
(A), and (A)¥ have the same chemical potential at every z from o to k.

The equilibrium height of the free surface of liquid A in the left cylinder is
(W — h) above the surface of pure liquid (A)¥ in the right cylinder. The middle
cylinder contains pure liquid (A)¥ with its surface supported by a matrix at
the same height as the equilibrium height &’ of liquid A in the left cylinder.
Since the weight of pure liquid (A) in the middle cylinder from o to h is
supported by the pressure applied by the piston below the liquid, the tension
in pure liquid (A)?® at k' must be g i pi.(z) dz — p33(¥). Moreover, the
distributions of pure liquid (A)! and pure vapor (A)%° in the middle and right
cylinders at z > h are the same relative to their respective concentrations at h
so that their vapor pressures are also equal at z = #’. The liquid and vapor of
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(A), in the left cylinder are in osmotic equilibrium with the liquid and vapor
of pure (A)? in the middle cylinder. It follows that: 1) the tension and
distension of polymer (A), between h to K/, 2) the pressure-volume work
performed by (A),, 3) the gravitational energy increase of polymer (A),, 4)
the distribution of (A), between h and k'’ and 5) the vapor pressure of (A),, at
B must all be exactly the same as for pure liquid (A)¥ in the middle cylinder
between h and 4.

The mole fraction of polymer (A)}, in liquid A may have changed from & to
k' due to the combined effects of: 1) its mass relative to the mass of other
polymers tending to change x4 (z), 2) the effect of the redistribution of
polymers so as to keep the ratio [(A)L1/[(A),_ . J[(A)..] equal to its equili-
brium constant, and 3) the effect of tension on its equilibrium constant. Any
change in the mole fraction of (A)! from h to i’ would change its chemical
potential at ' relative to its chemical potential at h, i.e., if x4 (1) # x4, (h),
then gy (T, p'y, x4 (h)) # (T, p', x4 ,(h)) at constant T and p'. Neverthe-
less, the chemical potentials of (A), in the left and middle columns of Figure 4
are the same at any z; and at z = &', @y (T, pa(H), xj(H)) = p8o(T; pR(H)).
Moreover, the change in chemical potential of polymer (A)!, from k to &’ due
to the increase in its internal tension equals the change in chemical potential
of pure polymer (A)X from h to h' due to the increase in its tension, namely
g §i pla(2) dz.

The osmotic pressure of polymer (A), in liquid A is the difference in the
pressure applied to liquid A and the pressure applied to pure liquid (A)% for
which their chemical potentials are equal at constant T. In Figure 4, the
pressure applied to liquid A at k' is p4(h') = Zj pa;(h’) whereas the pressure
applied to pure liquid (A)2 is pio(h) — (¥ p% (2) dz. Thus,

W
Tan(R) = PA(h) — pi(i) + L Pan(2) dz. (27)
On the other hand, at h in Figure 4, the pressure applied to liquid A is
Pa(h) + [ pii(2) dz as the pressure applied to pure liquid (A)? is pi.(h); so
that
h

Taa(h) = Pa(K) + J pa(2) dz — pi(h). (28)

h

It is worthwhile to repeat that the pressure-volume work performed on
(A), from K’ to h is equal to the decrease in the gravitational energy of (A),
from &' to h, regardless of any change in x4 (z) from &’ to & in the left column
of Figure 4. Tt is the combined effect of pressure change and change in mole
fraction which changes the chemical potential of (A)!, from A’ to h. Thus, the
increase in pressure and change in mole fraction from 4’ to h renders the
chemical potential of (A), at h equal to the chemical potential of (A)? at h.
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Also, the decrease in pressure from A to 4’ renders the chemical potential of
(A)® at i’ equal to the chemical potential of (A), at k. Since ph,(h) = p,(h),
it follows that

h

pa(z) dz, (1) = ugn(T, PRu(h)); (29)
h

pan(T, PACH) + J

and since u (W) = ulp, (W), it follows that

h

Hinel T, PA(R), xipa(H)) = #fi’n(T, Pl — J

h

o) dz). (30)

If we let p22(h) in Eq. (29) equal p', then according to the definition of 7, (h),
Eq. (28), Eq. (29) becomes

tan(T, P! + Tan(h), xao() = wia(T, P). (31

Likewise, if we let p(h") in Eq. (30) equal p“, then according to the definition
of n,,(1), Eq. (27), Eq. (30) becomes

pan(T, P, Xha(h) = HRA(T, pY' — man(H)). (32)

The important conclusion to be drawn from this thought experiment is
that whatever the mole fraction of polymer (A), may be, x} (k) in Eq. (31) or
x4 (1) in Eq. (32), its chemical potential always differs from the chemical
potential of pure (A) at the same T and applied pressure precisely as if it is
internally subjected to an enhanced tension, 7, (k') at A’ or 74, (h) at h. This
statement may be generalized for any partial molar quantity Z), ,(h) = Z%,(h)
or Z\ (W) = Z% (W) at any constant temperature T. Thus,

ZlAn(’T’ pl + nAn(h)’ xi\n(h)) = Z_.{gn(’T» pl)’ (33)
and
ZianlTp", xn(1)) = ZR(T, p — man(h)). (34)

Z',, may be the partial molar volume of (A),, its partial molar enthalpy of
vaporization, etc.

Internal tension in polymer (A)/

The internal tension in polymer (A). in liquid A is designated 7,,.

Let us assume that liquid A consists of polymers of various sizes from 1 to
N. The molar amount of liquid A must equal the sum of the moles of
polymers of each size,

Il { 1
ZnAj_nA1+nA2+"'+nAN'
J
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This number is necessarily less than M4Y/MW,,;, where MW,, is the
molecular weight of monomer (A); in liquid A. Obviously, when polymers
form, there are fewer molecules in random motion in M), than if M}, were all
monomers. Since the kinetic energy in liquid A is partitioned equally between
all ¥, ny,L centers of mass, the average kinetic energy of each center of mass
will be the same without regard to its size.

As all polymers are internally reflected from the free surface of the liquid of
volume V%, their thermal pressure at the boundary will be RT Y ni;/V4.
The internal tension between polymers of size n, 1,,, opposing that pressure
will be (according to a principle explained in Ref. 2, pp. 260-263 and footnote
3) the thermal pressure from all polymers divided by the fraction of the liquid
surface consisting of polymer (A),. Assuming that the surface fraction and
volume fraction of polymer (A), are the same and equal to nk, V4,/V, then

=BI(nQ‘ +nl, 4+ + Hhy)
Man Vi

Tan

>

or

__RT. ;
" T ¢

Internal tension and osmotic pressure of liquid polymer (A)/,

If all molecules in liquid A were pure polymer (A)Y, there would be
nk = M,/MW,, moles in a volume V. Then the internal tension, 13, in
this polymer would be the tension opposing the total thermal force exerted by
the polymer per unit of surface divided by the fraction of the unit area

consisting of this polymer, namely 1. That is,

o _ RTmg  nRVi,
Tan = "Ti T gl
VAn V.fgn
RT
= 4177{’;’ (36)
This, of course, assumes that the pressure applied to the pure liquid polymer

(A)% is zero. The tension in polymer (A), in liquid A, 7,,, exceeds the tension
in pure polymer (A)" by an amount

s RT RT

=071 T P
XanVan  Vin

(37)

Tan — Tan =

PCL—B
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If we define m,, = (15, — Taa), then according to Eq. (34), V4 (T, p', x4,) =
VT, p' — m4,), and to Eq. (37), m,, becomes

1 1
T = RT<x;,. PR 0 — ma) V2T, p’)) o

When dimers, trimers, etc., form in liquid A, the chemical potential of the
monomer in liquid A is less than the chemical potential of pure monomer
(A)¢ at the same T and p’ by an amount

! 1ol Iy N pl—nAl—lo 1
tar(T P’y xa0) — p (T, pY) = f Vi, dp.
pl
Similarly, the chemical potential of each polymer in liquid A is less than the
chemical potential of its pure polymer at the same T and p'. When polymers
form, polymerization lowers the chemical potential of every polymer. Thus,
polymerization lowers the free energy of the liquid A system.

The relative abundance of a polymer of size n in liquid A is determined by
the strength of the bond between its n molecules relative to the strength of the
bond between the molecules in polymers of other sizes. That is, in accord with
the Boltzmann distribution, Eq. (51), polymer (A)! will be more abundant to
the extent that its internal molar energy is less than the internal moiar
energies of the polymers (A),_, and (A),. Then the decrease in internal
energy will be large when (A), is formed from (A)!_,, and (A),, so that
AU -mrmm = Uan = (Uaw-m + Uam) <0, and the exponent in Eq. (51) is
positive and large. Although the molar energy of polymer (A), may differ
greatly from the combined molar energies of (A), ., and (A),, the Gibbs
molar free energy of (A)!, equals the Gibbs molar free energies of (A),_,, and
(A)L, when in equilibrium, i.e, AGL,_nimm = 0.

According to Eq. (35), the internal tension in polymer (A)! is determined
by the moles of all polymers relative to the moles of polymer (A),. Thus, 7,
as well as m,, in Eq. (38) are large when the moles of polymer (A), are few
relative to the moles of monomer and other polymers of A; and according to
Eq. (23), the chemical potential of polymer (A), will be low relative to pure
polymer (A)® at the same T and p'. If the molecules in liquid A are not more
strongly coupled in polymer (A),, (i.e., higher bond energy and lower internal
energy) than the polymers from which (A), is formed, then the moles of
polymer (A), will be few in liquid A, and the chemical potential of liquid A
will be diminished little by polymerization to (A},

Tension applied to liquid A increases to the same extent the tension in the
coupling force between polymer (A)! and thereby lowers its bond energy,
increases its internal energy, lowers its chemical potential and its vapor
pressure. Every polymer (A), will be similarly affected so that the vapor
pressure of each will be lowered in proportion to the tension applied to liquid
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A, with no change in the mole fraction of any polymer within liquid A or in
the vapor phase in equilibrium with liquid A. Likewise, the bond energy of
the n molecules within polymer (A)! is lessened by tension between them and
their internal energy is increased. We may presume that a tension applied to
liquid A not only increases the tension in the coupling force for the n, . moles
of polymer (A), but also increases the tension in the coupling for the n
molecules within (A), and thereby increases the internal energy of the latter.
Since we may also presume that the internal tension between the n)y,, moles of
polymer (A), in liquid A, t,,, will also induce the same tension between the n
molecules within each polymer (A)!, then, as polymer (A). becomes more
abundant so that t,, diminishes, this reduced tension will increase the bond
energy and diminish the internal energy of the n molecules within (A), and
enhance the abundance of (A).. Only if the bonding between the n molecules
of (A), is strong and the internal energy is small relative to polymers of
another size, will the number of (A), increase to become the dominant
polymer in liquid A. If the molecules in (A), are only slightly more strongly
bonded than between monomers of liquid A, liquid A will remain as
monomers, and the tension between these molecules will be minimized.

Clearly, the partial molar quantities and colligative properties of polymer
(A)} in liquid A are derived from the stronger attractive force between
molecules within polymer (A), compared with the attractive force between
polymer (A), and the other polymers of size 1 to N. Furthermore, these
quantities and properties are likely to be strongly temperature dependent
since clusters of size n will rapidly diminish and the number of clusters of
smaller size will rapidly increase with increasing temperature.

McDougal” determined that the vapor of acetic acid consisted of 8.0%
monomers and 92.0%, dimers at 25°C when its vapor pressure was the
equilibrium vapor pressure of liquid acetic acid, 15.5 mmHg. At 30°C, the
equilibrium vapor pressure increased to 20.6 mmHg, and the vapor was 9.0 %
monomers and 91.0%, dimers; that is, less dimerization at the higher
temperature. Since the mole fraction of monomers was the same in liquid as
in the vapor, then xLy 0.1 = 0.148 at 25°C and =0.165 at 30°C.

CONCLUSIONS

When molecules of liquid A polymerize at T and applied pressure p', then
each polymer (A)}, becomes a separate species in liquid A. The chemical
potential of (A)!, is lower than the chemical potential of pure liquid polymer
(A)? at the same T and p' by an amount

Pl-Tan
#fﬂn(T’ pl> xi\n) - “lAOn(Ts pl) = Jv Vlign dpl

pl
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where 7, , is the osmotic pressure of polymer (A) in liquid A, i.e. m,, is the
difference in pressures applied to liquid A and pure liquid polymer (A)® for
which their chemical potentials are equal at the same T,

Han(T, P, xian) = pge(T, ' — Tpp).

Likewise, all partial molar quantities of liquid A are equal to the molar
quantities of pure liquid polymer (A), at the same T when the pressure
applied to the latter is less than the pressure applied to the former by 7, ;
I_/f&n('r’ Pl: xlAn) = Vfgn(j: pl - TCAn),
gi\n(Ty pl’ xi\n) = gf:n(Ta pl - nAn)a
AHi\n(T, pls xi\n) = AHZ’“(T, pl - 7tAn)a
etc.

When liquid A at T and p' is in equilibrium with its vapor, the chemical
potential of each polymer (A)! in the liquid must be equal to the chemical
potential of that polymer in the vapor. Thus, the magnitude of p% (T, p)
indicates the abundance of polymer (A)! in the vapor phase as well as in the
liquid phase. The more liquid A is polymerized, the lower will be the pressure
of its vapor for a given mass of liquid A per unit volume. The mole fraction of
every polymer (A)n in the liquid phase must equal its mole fraction in the
vapor phase when the two phases are in equilibrium, i.e., x}, = x4, even as
they are changed by changing the temperature or pressure applied to liquid
A. We may conclude further that if the vapor consists of only one polymer,
(A): then only polymer (A), will be found in the liquid phase. One important
practical result follows from these conditions; namely, only monomers exist
in pure liquid water. At every T from 0 to 100°C, there is sufficient water in
the saturated vapor phase to account for the measured vapor pressure only if
the water vapor is monomeric. Therefore, liquid water must also be mono-
meric; or if polymers exist at all in liquid water, their molar amount must be
very small.
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